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Preliminaries Beliefs Strategies

Independence of two events

Consider a (finite) probability space (Ω, π).

Two events A,B ⊆ Ω are independent whenever

π(A ∩ B) = π(A) · π(B).
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Independence of more than two events

Take a finite collection A = {A1, . . . ,An} of events in Ω.

The events in A are pairwise independent whenever

π(Ai ∩ Aj) = π(Ai ) · π(Aj)

for every pair Ai ,Aj ∈ A.

The events in A are (n-way) independent whenever

π(A1 ∩ · · · ∩ An) = π(A1) · · ·π(An).

Pairwise independence and independence are not the same.
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Pairwise independence vs. independence

We throw two dies simultaneously, and consider the events:

A = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}: the sum of the
dies is 7.
B = {(3, 1), (3, 2), (3, 3), (3, 4), (3, 5), (3, 6)}: the outcome of
the first die is 3.
C = {(1, 4), (2, 4), (3, 4), (4, 4), (5, 4), (6, 4)}: the outcome of
the second die is 4.

The three events are pairwise independent:

π(A) = π(B) = π(C ) = 1/6
π(A ∩ B) = π(A ∩ C ) = π(B ∩ C ) = 1/36

The three events are not independent:

π(A) · π(B) · π(C ) = 1/216
π(A ∩ B ∩ C ) = 1/36
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Product measure

Consider a collection of (finite) spaces Ω1, . . . ,Ωn.

Define the product space Ω := Ω1 × · · · × Ωn.

For an event Ak ⊆ Ωk , we define [Ak ] ⊆ Ω by

[Ak ] := Ω1 × · · · × Ωk−1 × Ak × Ωk+1 × · · · × Ωn

= {(ω1, . . . , ωn) ∈ Ω : ωk ∈ Ak}

A probability measure π over Ω is called a product measure
whenever for every A1 ⊆ Ω1, . . . ,An ⊆ Ωn it is the case that
[A1], . . . , [An] are independent, i.e.,

π([A1] ∩ · · · ∩ [An]) = π([A1]) · · ·π([An])

If π is a product measure, we say that the marginal probability
measures (margΩ1

π, . . . ,margΩn
π) are independent.

Otherwise, we say that they are correlated.
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An example

Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

Suppose that we flip twice. Then, the (product) state space is

Ω = Ω1 × Ω2

= {H,T} × {H,T}

H

T

H T

ω3

ω1

ω4

ω2

The probability of each event in Ω depends on which coin we
choose to flip at each round.
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An example

A product measure (independent flips):

We flip the fair coin second, irrespective of the outcome of the
first coin.
We flip the biased coin second, irrespective of the outcome of
the first coin.

Not a product measure (correlated flips):

We flip the biased coin after observing heads, and we flip the
fair coin after observing tail.

H

T

H T

3/8

3/8

1/8

1/8 H

T

H T

9/16

3/16

3/16

1/16 H

T

H T

3/8

1/8

1/4

1/4
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Conditional independence

Consider a (finite) probability space (Ω, π).

Two events A,B ⊆ Ω are conditionally independent given
C whenever

π(A ∩ B|C ) = π(A|C ) · π(B|C ).
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An example

Suppose that we have two coins, a fair one (Heads with prob
1/2) and a biased one (Heads with prob 3/4).

Suppose that we flip three times. We always flip the fair coin,
unless we observe tails in both the first and the second round,
in which case we flip the biased coin at the third round.

Then, the corresponding probabilities are shown below.

Observe that the events “heads at round 2” and “heads at
round 3” are not independent events, but they are
conditionally independent given the event “heads at round 1”.
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T

H T
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1/8
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Probability measures in game theory

There are two types of uncertainty modeled with probability
measures in game theory.

Beliefs (subjective uncertainty): µi ∈ ∆(C−i )
Mixed strategies (objective uncertainty): σi ∈ ∆(Ci )

Today, we are going to focus on the consequences of
correlation in beliefs (correlation in mixed strategies leads to
new concepts, viz., most well-known, correlated equilibrium).
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Correlation in first order beliefs

A (first order) belief is a probability measure µi over the
product space

C−i := C1 × · · · × Ci−1 × Ci+1 × · · · × Cn

A belief µi ∈ ∆(C−i ) is independent whenever it is a product
measure.

It is correlated otherwise.

Obviously, in two-player games there is no distinction. Thus,
we focus on games with three (or more) players.
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Rationality

In the following example, the numbers correspond to utilities
of the matrix player.

R is rational given µa =
(

1
2 ⊗ (A,C ), 1

2 ⊗ (B,D)
)
, which is a

correlated belief.

R is not rational given any independent belief. Indeed, if R
is rational given µ′a, then µ′a(A,D) = µ′a(B,C ) = 0.

A

B

C D

2

2

2

0

A

B

C D

0

2

2

2

A

B

C D

1

1

1

1

L M R

A strategy is not strictly dominated if and only if is rational
given some belief, independent or correlated.
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given some belief, independent or correlated.
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Preliminaries Beliefs Strategies

Correlated rationalizability

Take the following sequence of strategy-type pairs.

CR0
i := {(ci , ti ) : ci is rational given b1

i (ti )}
CR1

i := {(ci , ti ) : bi (ti )(CR0
1 × · · · × CR0

i−1 × CR0
i+1 × · · · × CR0

n) = 1}
...

CRk
i := {(ci , ti ) : bi (ti )(CRk−1

1 × · · · × CRk−1
i−1 × CRk−1

i+1 × · · · × CRk−1
n ) = 1}

...

Then, RCBCRi :=
⋂

k≥0 CR
k
i does not impose any restriction

on whether the beliefs are correlated or independent.
CRi := projCi

CBCRi is the set of correlated rationalizable
strategies (Brandenburg & Dekel, 1987; Tan & Werlang,
1988).
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Preliminaries Beliefs Strategies

Independent rationalizability

Take the following sequence of strategy-type pairs.

IR0
i := {(ci , ti ) : ci is rational given

the independent

b1
i (ti )}

IR1
i := {(ci , ti ) : bi (ti )(IR0

1 × · · · × IR0
i−1 × IR0

i+1 × · · · × IR0
n) = 1}

...

IRk
i := {(ci , ti ) : bi (ti )(IRk−1

1 × · · · × IRk−1
i−1 × IRk−1

i+1 × · · · × IRk−1
n ) = 1}

...

Then, RCBIRi :=
⋂

k≥0 IR
k
i contains the action-type pairs

that satisfy rationality (given independent beliefs) and
common belief in rationality (given independent beliefs).
IRi := projCi

RCBIRi is the set of (independent)
rationalizable strategies (Bernheim, 1984; Pearce, 1984).
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Preliminaries Beliefs Strategies

Relation between solution concepts

Correlated rationalizability

Independent rationalizability

Nash equilibrium
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Preliminaries Beliefs Strategies

Is IRi ⊆ CRi a strict inclusion?

Proposition

The inclusion IRi ⊆ CRi can be strict.

A

B

C D

2,4,4

2,2,4

2,4,2

0,2,2

A

B

C D

0,4,4

2,2,4

2,4,2

2,2,2

A

B

C D

1,3,3

1,3,3

1,3,3

1,3,3

L M R

Correlated rationalizability yields the entire strategy space.

Independent rationalizability

yields only (L,A,C ).
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Preliminaries Beliefs Strategies

Types of correlation

Correlated rationalizability allows for correlated beliefs.

However, it does not say anything about the source of
correlation.

There is no distinction between the following two types of
correlated beliefs:

Extrinsic correlation: Ann believes that Bob and Carol
coordinate their strategies using some physical device
(Aumann, 1974, 1987).
Intrinsic correlation: Ann believes that Bob’s and Carol’s
belief hierarchies are correlated and thus their strategies are
correlated (Brandenburger & Friedenberg, 2008).

How do we formally model the distinction?

Does the distinction matter for our predictions?
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Preliminaries Beliefs Strategies

Modelling intrinsic correlation

Intrinsic correlation is a characteristic of a belief hierarchy.

A belief hierarchy (of Ann) has intrinsically correlated beliefs
whenever it satisfies:

Conditional independence (CI): Conditional on Bob’s and
Carol’s hierarchies, Ann believes that Bob’s and Carol’s
strategies are chosen independently.
Sufficiency (SUFF): Conditional on Bob’s hierarchy, Ann’s
(marginal) belief about Bob’s strategy does not change upon
Ann learning Carol’s belief hierarchy.

Intuitively, Ann thinks that Bob and Carol think alike, e.g.,
they took the same game theory course.
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Preliminaries Beliefs Strategies

Conditional Independence

Conditional independence: Conditional on Bob’s and
Carol’s hierarchies, Ann believes that Bob’s and Carol’s
strategies are chosen independently.

Formally, ta satisfies conditional independence whenever

ba(ta)
(
[cb]∩[cc ]

∣∣ [h−a]
)

= ba(ta)
(
[cb]

∣∣ [h−a]
)
·ba(ta)

(
[cc ]

∣∣ [h−a]
)
.

where [h−a] := {(c−a, t−a) : hj(tj) = hj , ∀j 6= a}.
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Preliminaries Beliefs Strategies

Conditional Independence: an example

A

B

C D

2,4,4

2,2,4

2,4,2

0,2,2

A

B

C D

0,4,4

2,2,4

2,4,2

2,2,2

A

B

C D

1,3,3

1,3,3

1,3,3

1,3,3

L M R

Let ba(ta) =
(

1
2 ⊗

(
(A, tb), (C , tc)

)
, 1

2 ⊗
(
(B, t ′b), (D, t ′c)

))
.

ta’s beliefs are correlated: b1
a(ta) =

(
1
2 ⊗ (A,C ), 1

2 ⊗ (B,D)
)
.

For every j 6= a, let tj and t ′j yield a different hierarchy.

Then, ta’s hierarchy satisfies conditional independence.
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.

For every j 6= a, let tj and t ′j yield a different hierarchy.
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Sufficiency

Sufficiency: Conditional on Bob’s hierarchy, Ann’s (marginal)
belief about Bob’s strategy does not change upon Ann
learning Carol’s belief hierarchy.

Formally, ti satisfies sufficiency whenever

ba(ta)
(
[cb]

∣∣ [hb]
)

= ba(ta)
(
[cb]

∣∣ [hb] ∩ [hc ]
)
.
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Modelling intrinsic correlation

Proposition (Brandenburger & Friedenberg, 2008)

Let ti ’s belief hierarchy satisfy CI and SUFF. Then, if ti induces
independent beliefs about the opponents’ hierarchies, it also
induces independent beliefs about the opponents’ strategies.

Formally, if

ba(ta)([hb] ∩ [hc ]) = ba(ta)([hb]) · ba(ta)([hc ])

then

ba(ta)([cb] ∩ [cc ]) = ba(ta)([cb]) · ba(ta)([cc ]).

In other words, under CI and SUFF, Ann’s beliefs about Bob’s
and Carol’s strategies are correlated only if the correlation is
intrinsic.
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Correlated rationalizability with intrinsic correlation

Definition

We say that a correlated rationalizable strategy ci is consistent
with intrinsic correlation, and we write ci ∈ ICRi , if there is some
ti ∈ T ∗i such that

(i) (ci , ti ) ∈ RCBCRi , and

(ii) hi (ti ) satisfies CI and SUFF.

Proposition (Brandenburger & Friedenberg, 2008)

IRi ⊆ ICRi ⊆ CRi .
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Relation between solution concepts

Correlated rationalizability

Correlated rationalizability

with intrinsic correlation

Independent rationalizability

Nash equilibrium
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Is ICRi ⊆ CRi a strict inclusion?

Proposition (Brandenburger & Friedenberg, 2008)

The inclusion ICRi ⊆ CRi can be strict.
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ICRi ⊆ CRi can be a strict inclusion

Lemma

For some ci ∈ CRi there is no ti ∈ T ∗i with (ci , ti ) ∈ CR0
i and

hi (ti ) satisfying CI.
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L M R

{(M, ta), (M, t ′a)} ⊆ CR0
a ⇒ b1

a(ta) = b1
a(t ′a) =

(1

2
⊗ (A,D),

1

2
⊗ (B,E )

)
{(A, tb), (B, t ′b)} ⊆ CR0

b ⇒ b1
b(tb) = b1

b(t ′b) =
(
1⊗ (M,D)

)
{(D, tc), (E , t ′c)} ⊆ CR0

c ⇒ b1
c (tc) = b1

c (t ′c) =
(
1⊗ (M,A)

)
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c (t ′c) =
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1⊗ (M,A)

)

The only belief hierarchy ha for which M is rational is ha(ta) in the
type space model Ta = {ta}, Tb = {tb}, Tc = {Tc} with

ba(ta) =
(1

2
⊗
(
(A, tb), (D, tc)

)
,

1

2
⊗
(
(B, tb), (E , tc)

))
bb(tb) =

(
1⊗

(
(M, ta), (D, tc)

))
bc(tc) =

(
1⊗

(
(M, ta), (A, tb)

))
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However, ha(ta) does not satisfy CI:

ba(ta)
(

[A]∩[D]
∣∣∣ [tb]∩[tc ]

)
6= ba(ta)

(
[A]
∣∣∣ [tb]∩[tc ]

)
·ba(ta)

(
[D]

∣∣∣ [tb]∩[tc ]
)
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(
[D]

∣∣∣ [tb]∩[tc ]
)
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Preliminaries Beliefs Strategies

Mixed strategies

A mixed strategy σi ∈ ∆(Ci ) is the probability distribution
that describes the process of randomly drawing a choice ci .

The actual process of randomly drawing some ci consists of a
mapping from the outcomes of a random experiment
(performed by a physical randomizing device) to the choice
set.
Thus the mixed strategy is actually a

a finite state space Ω,
a prior probability measure πi ,
a partition Pi of Ω,

together with

a Pi -measurable mapping ci : Ω→ Ci .

Then, the mixed strategy σi assigns to each choice ci
probability

σi (ci ) := πi
(
{ω ∈ Ω : ci (ω) = ci}

)
.
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Preliminaries Beliefs Strategies

Mixed strategies: an example

Suppose that Ann’s choices are Ca = {A,B}.

A randomizing device consists of rolling a die and then
observing whether the outcome is lower than 4 or not.

We assign a choice to each possible observation.

Thus, the probability of each choice occurring is 1/2.

Then, we roll the die.

This is objective uncertainty.

1 2 3 4 5 61/6 1/6 1/6 1/6 1/6 1/6A B
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Preliminaries Beliefs Strategies

Independent mixed strategies

A standard assumption in (non-cooperative) game theory is
that player choose their strategies independently.

Formally, the probability of each choice profile (c1, . . . , cn)
being actually played is

σ(c1, . . . , cn) = σ1(c1) · · ·σn(cn).

That is, σ is a product measure over A1 × · · · × An.

In other words, the different players delegate their choices to
independent randomizing devices, e.g., Ann rolls a die,
whereas Bob tosses a coin.
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Preliminaries Beliefs Strategies

Correlated strategies

Now suppose that the players use the same randomizing
device (delegating their choices to the outcome of the same
random experiment):

a common state space Ω,
a prior πi for each player i ,
a partition Pi for each player i .

Different players may receive different information about the
outcome of the experiment, e.g., Pa may differ from Pb.
Different players may have different prior beliefs, e.g., πa may
differ from πb.
If πi = π we say that there is a common prior (CP).
Each player i chooses

a Pi -measurable ci : Ω→ Ci .

The randomizing device
(
Ω, (πi )i∈I , (Pi )i∈I

)
together with the

choice mappings (ci )i∈I constitute a correlated strategy.
If there is a common prior it is an objective correlated
strategy. Otherwise, it is a subjective correlated strategy.
Thus, the randomizing device becomes a correlating device.
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Preliminaries Beliefs Strategies

Correlated strategies

A correlated strategy can be thought as

an ex-ante agreement between the players,
the product of a mediation,
a coordination device,
a coincidence.

If the correlated strategy
(
Ω, (πi )i∈I , (Pi )i∈I , (ci )i∈I

)
is played,

the probability of the choice profile c = (c1, . . . , cn) being
played (according to player i) is equal to

pi (c) = πi
(
{ω ∈ Ω : cj(ω) = cj for all j ∈ I}

)
.

Notice that p is not necessarily a product measure over
C1 × · · · × Cn

, contrary to σ which always is.

Then, i ’s expected utility is equal to

Ui (c) =
∑
c∈C

pi (c) · ui (c)

=
∑
ω∈Ω

πi (ω) · ui
(
c(ω)

)
.
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Correlated strategy: an example

A

B

C D

6,6

7,2

2,7

0,0

Ann

Bob

1 2 3 4 5 6B A

1 2 3 4 5 6C D

The probability of each choice profile (according to Ann) is

pa(B,C ) = pa(A,C ) = pa(A,D) = 1/3.

Ann’s expected utility is

Ua(ca, cb) =
1

3
· 7 +

1

3
· 6 +

1

3
· 2 = 5.
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Preliminaries Beliefs Strategies

Correlated equilibrium

We say that a correlated strategy c = (ci , c−i ) is optimal for
player i , and we write ci ∈ BRi (c−i ), whenever

Ui (ci , c−i ) ≥ Ui (c
′
i , c−i )

for all Pi -measurable c ′i : Ω→ Ci .

A correlated strategy profile

is a subjective correlated equilibrium if ci ∈ BRi (c−i ) for
every i ∈ I ,
is a objective correlated equilibrium if ci ∈ BRi (c−i ) and
πi = π for every i ∈ I .

The idea is that

player i has access only to the randomizing device (Ω,Pi , πi ),
player i has correct beliefs about every opponent’s correlated
strategy,
player i is uncertain only about the realization of Ω.
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Correlated equilibrium: an example

A

B

C D

6,6

7,2

2,7

0,0

Ann

Bob

1 2 3 4 5 6B A

1 2 3 4 5 6C D

Ua(c ′a, cb) =
1

3
· ua
(
c ′a(1),C

)
+

1

3
· ua
(
c ′a(3),C

)
+

1

3
· ua
(
c ′a(3),D

)
≤ Ua(ca, cb)

Ua(ca, c
′
b) =

1

3
· ub
(
B, c ′b(1)

)
+

1

3
· ub
(
A, c ′b(1)

)
+

1

3
· ub
(
A, c ′b(5)

)
≤ Ub(ca, cb).
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Preliminaries Beliefs Strategies

Belief hierarchies

A state ω ∈ Ω induces (i) a realization of the random
experiment, and (ii) a belief hierarchy about the choice profile
that will be played.

Indeed, observe that a correlated strategy(
Ω, (πi )i∈I , (Pi )i∈I , (ci )i∈I

)
can be viewed as a state space

model.1

Then, each ω ∈ Ω is associated with the belief hierarchy(
π1
i (ω), π2

i (ω), . . .
)
∈ T ∗i .

This is the belief hierarchy that player i will have
after the state has been drawn.

1

For simplicity, we assume that πi is full-support. Thus, all posterior beliefs
are well-defined.
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Preliminaries Beliefs Strategies

Belief hierarchy: an example

Ann

Bob

1 2 3 4 5 6B A

1 2 3 4 5 6C D

Once we roll 4, Ann

learns that she plays A,
believes with prob 1/2 that Bob plays C (FOB),
believes with prob 1/2 that Bob plays C and believes with
prob 1/2 that she plays B (SOB),
and so on.

Similarly, bob learns what he plays, and also forms his belief
hierarchy.
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Preliminaries Beliefs Strategies

Common belief in rationality

We say that a player is rational at ω whenever ci (ω) ∈ Ci is
rational given the first order belief π1

i (ω) ∈ ∆(C−i ).

This is ex-post rationality.
Take the following sequence:

R0
i := {ω ∈ Ω : Ui

(
ci (ω), π1

i (ω)
)
≥ Ui

(
c ′i , π

1
i (ω)

)
for all c ′i ∈ Ci}

R1
i := {ω ∈ Ω : πi

(
R0

1 ∩ · · · ∩ R0
i−1 ∩ R0

i+1 ∩ · · · ∩ R0
n

∣∣ Pi (ω)
)

= 1}
...

Rk
i := {ω ∈ Ω : πi

(
Rk−1

1 ∩ · · · ∩ Rk−1
i−1 ∩ Rk−1

i+1 ∩ · · · ∩ Rk−1
n

∣∣ Pi (ω)
)

= 1}
...

Then, RCBRi :=
⋂

k≥0 R
k
i is naturally defined.
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This is ex-post rationality.
Take the following sequence:

R0
i := {ω ∈ Ω : Ui

(
ci (ω), π1

i (ω)
)
≥ Ui

(
c ′i , π

1
i (ω)

)
for all c ′i ∈ Ci}

R1
i := {ω ∈ Ω : πi

(
R0

1 ∩ · · · ∩ R0
i−1 ∩ R0

i+1 ∩ · · · ∩ R0
n

∣∣ Pi (ω)
)

= 1}
...

Rk
i := {ω ∈ Ω : πi

(
Rk−1

1 ∩ · · · ∩ Rk−1
i−1 ∩ Rk−1

i+1 ∩ · · · ∩ Rk−1
n

∣∣ Pi (ω)
)

= 1}
...

Then, RCBRi :=
⋂

k≥0 R
k
i is naturally defined.
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Preliminaries Beliefs Strategies

Epistemic conditions for correlated equilibrium

Theorem (Aumann, 1987)

Take some correlated strategy with a common prior. If RCBR = Ω
then the correlated strategy is a correlated equilibrium.

Correlated equilibrium is an ex-ante notion.

Still, it is characterized by means of ex-post epistemic
conditions.
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Preliminaries Beliefs Strategies

Correlated equilibrium: an example revisited

A

B

C D

6,6

7,2

2,7

0,0

Ann

Bob

1 2 3 4 5 6B A

1 2 3 4 5 6C D

B is rational given (1⊗ C ), and A given ( 1
2 ⊗ C , 1

2 ⊗ D).
C is rational given ( 1

2 ⊗ A, 1
2 ⊗ B), and B given (1⊗ A).

RCBRi = Ω. Hence, this is a correlated equilibrium.
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Preliminaries Beliefs Strategies

Objective vs. subjective uncertainty

Theorem (Brandenburger & Dekel, 1987)

(i) Fix a subjective correlated equilibrium, and let
supp

(
margCi

pi
)

be the choices of player i that can be played
with positive probability. Then, there exists some type space
(Ti , bi )i∈I such that supp

(
margCi

pi
)
⊆ CRi .

(ii) Fix a type space (Ti , bi )i∈I . Then, there exists a subjective
correlated equilibrium such that supp

(
margCi

pi
)

= CRi .

The uncertainty in a type space model is subjective, whereas
the uncertainty in a correlated equilibrium is objective.
The previous result shows that even if the two are
conceptually very different, they can be interchanged without
changing our predictions.
For the predictions, what matters are the induced belief
hierarchies, and not the source of uncertainty.
This follows from the equivalence between type spaces and
state spaces that we established in the previous lecture.
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Questions???
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