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Formal definition

o A state space model consists of:
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State space

Formal definition

o A state space model consists of:

o A state space 2. An element w € Q is called a state and a
subset E C Q is called an event.

Elias Tsakas (Maastricht University) Type space models vs. state space models



State space

Formal definition

o A state space model consists of:

o A state space 2. An element w € Q is called a state and a
subset E C Q is called an event.
o An (information) partition P; over , with P;(w) containing
the states that / deems possible at w, such that for all w € Q,
Pi. we P,-(w)
P>. w' € Pi(w) implies Pj(w) = Pi(w’)
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State space

Formal definition

o A state space model consists of:

o A state space 2. An element w € Q is called a state and a
subset E C Q is called an event.
o An (information) partition P; over , with P;(w) containing
the states that / deems possible at w, such that for all w € Q,
Pi. we P,-(w)
P>. w' € Pi(w) implies Pj(w) = Pi(w’)
o A P;-measurable function ¢; : Q — G, i.e., ¢i(w) = ¢;(w') for
all W' € Pi(w).
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State space

Formal definition

o A state space model consists of:

o A state space 2. An element w € Q is called a state and a
subset E C Q is called an event.
o An (information) partition P; over , with P;(w) containing
the states that / deems possible at w, such that for all w € Q,
Pi. we P,-(w)
P>. w' € Pi(w) implies Pj(w) = Pi(w’)
o A P;-measurable function ¢; : Q — G, i.e., ¢i(w) = ¢;(w') for

all W' € Pi(w).

o A prior belief m; € A(Q) such that 7;(P;(w)) > 0 for every
w e Q.
If m; =« for all i € I, then we say that there is a common
prior.

Elias Tsakas (Maastricht University) Type space models vs. state space models



State space
Posterior beliefs

@ Player i's posterior beliefs at w € Q are given by
mi(+|Pi(w)) € A(Q).
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State space
Posterior beliefs

@ Player i's posterior beliefs at w € Q are given by
mi(+|Pi(w)) € A(Q).

@ Posterior beliefs are P;-measurable, i.e.,
7T,'(-|P;(w)) = 7T,'(-|P;(w/)) for all ' € P,-(w).
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State space
Posterior beliefs

@ Player i's posterior beliefs at w € Q are given by
mi(+|Pi(w)) € A(Q).

@ Posterior beliefs are P;-measurable, i.e.,
7T,'(-|P;(w)) = 7T,'(-|P;(w/)) for all ' € P,-(w).

@ Player i is certain about her own information, i.e.,
i(Pi(w)|Pi(w)) = 1.
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State space
Posterior beliefs

@ Player i's posterior beliefs at w € Q are given by
mi(+|Pi(w)) € A(Q).

@ Posterior beliefs are P;-measurable, i.e.,
7T,'(-|P;(w)) = 7T,'(-|P;(w/)) for all ' € P,-(w).

@ Player i is certain about her own information, i.e.,
i(Pi(w)|Pi(w)) = 1.

@ Moreover, i is certain about her own choice at w, i.e.,

mi(ci ()| Piw))

7(,'({00/ e Q: c,-(w') = c,-(w)}‘P,'(w))
mi(Pi(w)|Pi(w))
1

Y
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State space

An example
wr ws wr ws
ws we [0/ wWe
w3 Wwa w3 wa
w1 w2 w1 w2

o State space Q = {w1,...,ws}
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State space
An example

1/8 0 2/16  2/16
1/8 0 1/16 3/16
1/8 0 3/16  1/16
1/8  4/8 4/16 0

o State space Q = {w1,...,ws}
@ Prior beliefs ; € A(Q2)
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State space
An example

1/8 0 2/16  2/16
1/8 0 1/16 3/16
1/8 0 3/16  1/16
1/8 || 4/8 4/16 0

o State space Q = {w1,...,ws}
@ Prior beliefs ; € A(Q2)
@ Information partitions P;
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State space
An example

1/4 || o 12 1/)2
1/4 || o 1/4  3/4
1/4 || o 3/4  1/4
/4 || 1 1 0

o State space Q = {w1,...,ws}

@ Prior beliefs ; € A(Q2)

@ Information partitions P;

@ Posterior beliefs 7;(:|P;j(w)) € A(RQ)
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State space
An example

1/4 || o 1/2 | 1/2
1/4 || o 1/4 | 3/4
L H

1/4 || o 3/4 H 1/4
1/4 || 1 1 L o0

State space Q = {w1,...,ws}

Prior beliefs m; € A(Q)

Information partitions P;

Posterior beliefs 7;(-|Pi(w)) € A(R)
Choice functions ¢; : Q — (;
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Belief hierarchies

Roadmap

@ Belief hierarchies
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Belief hierarchies

Belief hierarchies revisited

@ Consider the following sequence:

Q) = ¢
o = 0} xA(e?)
of = o lxA(eF )

@ A belief hierarchy of player i is a sequence of probability
measures (7}, 72,...) € A(©%) x A(G}) x - --
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Belief hierarchies
From states to belief hierarchies

Each state w € Q is uniquely associated with a belief hierarchy,

(rHw), T2 (w), - .. ):
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Belief hierarchies
From states to belief hierarchies

Each state w € Q is uniquely associated with a belief hierarchy,
(rHw), T2 (w), - .. ):
o 7 (w) € A(®?) : For each (Borel) event By C 09,

W}(W)(B()) = 71','({(&)/ eN: cj(w’) S Bo}|P,'(w))

Elias Tsakas (Maastricht University) Type space models vs. state space models



Belief hierarchies

From states to belief hierarchies

Each state w € Q is uniquely associated with a belief hierarchy,
(rHw), T2 (w), - .. ):
o 7 (w) € A(®?) : For each (Borel) event By C 09,

W}(W)(Bo) = 71','({(&)/ eN: cj(w’) S Bo}|P,'(w))

o 12(w) € A(®}) : For each (Borel) event B; C ©},

7r,-2(w)(Bl) = 7r,-({w' eN: (cj(w'),Tr}(w/)) € Bl}|P,-(w))
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Belief hierarchies

From states to belief hierarchies

Each state w € Q is uniquely associated with a belief hierarchy,
(rHw), T2 (w), - .. ):
o 7 (w) € A(®?) : For each (Borel) event By C 09,

W}(W)(Bo) = 71','({(&)/ eN: cj(w’) S Bo}|P,'(w))

o 12(w) € A(®}) : For each (Borel) event B; C ©},

7r,-2(w)(Bl) = 7r,-({w' eN: (cj(w'),Tr}(w/)) € Bl}|P,-(w))

° wf‘“(t,-) € A(O%) : For each (Borel) event By C Ok,

N W)(Be) = mi({w' € Q: (q(w'), 7} (W), ..., 7f (W) € Be}|Pi(w))
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Belief hierarchies

An example

w1 wo w1 [ w2
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Belief hierarchies

An example

/4 || o 1/2 [ 1/2

1/4 0 1/4 [ 3/4

/4 || o 3/4 H 1/4

—~
I

-

~

o

4 || 1
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Belief hierarchies

An example

/4 || o 1/2 [ 1/2

1/4 0 1/4 [ 3/4

/4 || o 3/4 H 1/4

—~
I

-

~

o

4 || 1

@ Ann's first order beliefs at w;:

Th(w1)(L) = ma({wr, w2, ws, we, wr, we H Pa(w1)) = 3/4.
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Belief hierarchies

An example

/4 || o 1/2 [ 1/2

1/4 0 1/4 [ 3/4

/4 || o 3/4 H 1/4

—~
I

-

~

o

4 || 1

@ Ann's first order beliefs at w;:
Th(w1)(L) = ma({wr, w2, ws, we, wr, we H Pa(w1)) = 3/4.
@ Bob's first order beliefs at ws:

mh(ws)(H) = mp({wa, wa, we, ws} Py(ws)) = 3/4.
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Belief hierarchies

An example

/4 || o 1/2 [ 1/2

1/4 0 1/4 [ 3/4

/4 || o 3/4 H 1/4

—~
I

-

~

o

4 || 1

@ Ann's first order beliefs at w;:
Th(w1)(L) = ma({wr, w2, ws, we, wr, we H Pa(w1)) = 3/4.
@ Bob's first order beliefs at ws:
mh(ws)(H) = mp({wa, wa, we, ws} Py(ws)) = 3/4.
@ Ann's second order beliefs at wi:

w3 (w1)(L,mp) = ma({ws}|Pa(w1)) = 1/4.
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Belief hierarchies

Belief hierarchies and information sets

Proposition

The function (7}(:),72(-)...) : Q — A(O}) x A(©?) x -+ is
‘P;-measurable.
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Belief hierarchies

Belief hierarchies and information sets

The function (7}(:),72(-)...) : Q — A(O}) x A(©?) x -+ is

i
‘Pi-measurable.

Proof.
It suffices to show that

CHORAC R ESCHCIRACIINY

for all w’ € Pj(w. This follows directly from the fact that
7(-|Pi(w)) = mi(-| Pi(w")) for all W' € Pj(w). O

| \
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Belief hierarchies
Coherency and common certainty in coherency

Proposition

For every w € Q, it is the case that (7}(w), m3(w)...) € H?.
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Belief hierarchies

Coherency and common certainty in coherency

For every w € Q, it is the case that (7}(w), m3(w)...) € H?.

Q We prove that (7} (w), 7?(w),...) € Hf for every w € Q. For
arbitrary k > 0 and Borel By C @f-‘,

marge: % (w)(Bk)
= 7 "2 (w)(Bk x A(O)))
= m({w (g, mj (W
= m({w : (g(w), 7} ('
= 7 (w)(B)

e k+1(w )) € B x A(©)}Pi(w))

)
), - (') € BulPi(w))

N

Elias Tsakas (Maastricht University) Type space models vs. state space models



Belief hierarchies

Coherency and common certainty in coherency

For every w € Q, it is the case that (r}(w), m3(w)...) € HZ.

v

Q (m}(w),7?(w),...) € HF for every w € Q.
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Belief hierarchies

Coherency and common certainty in coherency

For every w € Q, it is the case that (r}(w), m3(w)...) € HZ.

Q (m}(w), 7 (w),...) € H for every w € Q.
@ We prove that (7} (w), 7?(w),...) € H} for all w € Q:

TR W) (G % prosz;&A(ef) HF)

= Wi({wl : (ﬂ—}(wl)a 000 77r_,k(w/)) S projx‘lf;()lA(@f) HJ-C}‘P,-((U))

= m(QPiw)) = 1.

A\
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Belief hierarchies
Coherency and common certainty in coherency

Proposition

For every w € Q, it is the case that (7} (w), m?(w)...) € H?.

1

Proof.

Q (m}(w), 73 (w),...) € Hf for every w € Q.
Q (r}(w), 2 (w),...) € H} for every w € Q.
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Belief hierarchies

Coherency and common certainty in coherency

For every w € Q, it is the case that (7} (w), m?(w)...) € H?.

Q (7} (w), 7 (w),...) € H for every w € Q.

Q (r}(w), 2 (w),...) € H} for every w € Q.

© Finally, we prove by induction on m (following exactly the
same steps as above) that (7} (w), 72(w),...) € H™ for every
w € Q. Hence, it follows directly that

(7r,-1(w),7r,-2(w), : ) € H;

for all w € Q.
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Equivalence

Roadmap

© Equivalence of representations of belief hierarchies
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Equivalence

Different representations of belief hierarchies

@ We have discussed two different representations of belief
hierarchies, viz., type space models and state space models.

Elias Tsakas (Maastricht University) Type space models vs. state space models



Equivalence

Different representations of belief hierarchies

@ We have discussed two different representations of belief
hierarchies, viz., type space models and state space models.

@ Question: Are the two models equivalent?
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Equivalence

Different representations of belief hierarchies

@ We have discussed two different representations of belief
hierarchies, viz., type space models and state space models.

@ Question: Are the two models equivalent?

@ In other words, can we find a belief-hierarchy-preserving
function taking us from one model to the other?
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Equivalence

Different representations of belief hierarchies

@ We have discussed two different representations of belief
hierarchies, viz., type space models and state space models.

@ Question: Are the two models equivalent?

@ In other words, can we find a belief-hierarchy-preserving
function taking us from one model to the other?

@ The answer is yes.
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Equivalence
From a type space to a state space

We begin with a type space model (T;, b;)ics, and we define:
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Equivalence
From a type space to a state space

We begin with a type space model (T;, b;)ics, and we define:

@ A state space ‘ Q=Cox Cpx Ty x Ty ‘ For each w € €, let

o ¢i(w) :==projcw and [¢i] :={w € Q: c(w) = ¢}
o tj(w) = projr.wand [tj] == {w e Q: tj(w) = t;}
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Equivalence
From a type space to a state space

We begin with a type space model (T;, b;)ics, and we define:

@ A state space ‘ Q=Cox Cpx Ty x Ty ‘ For each w € €, let

o ¢i(w) :==projcw and [¢i] :={w € Q: c(w) = ¢}
o tj(w) = projr.wand [tj] == {w e Q: tj(w) = t;}

@ Information partitions P; such that

[Pi(w) = [a(@)] N [t:()]]

An information set is a choice-type pair
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Equivalence
From a type space to a state space

We begin with a type space model (T;, b;)ics, and we define:

@ A state space ‘ Q=Cox Cpx Ty x Ty ‘ For each w € Q, let
o ¢i(w) :==projcw and [¢i] :={w € Q: c(w) = ¢}
o tj(w) = projr.wand [tj] == {w e Q: tj(w) = t;}

@ Information partitions P; such that

(P(w) = [ N ()]

An information set is a choice-type pair
@ Posterior beliefs 7;(:|P;j(w)) € A(R2) such that for each
ECQ,

[ m(EIP(w)) = bilti(w))({(q: &) € G x Ty : (a(w), G ti(w). &) € E}) |

The posterior beliefs are the beliefs about the opponent’s
choice-type pairs. A prior can be constructed by taking a weighted
average of the posteriors (not unique).
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Equivalence
From a type space to a state space

o Ci={H,L}, T,={ta}, Tp = {tp, s}

(H, ta) ° ° ° ° ° ° ° ° (H,t)
(L, ta) ° ° ° ° ° ° ° ° (L, ta)
(H, tb) (H7 fb) (L7 tb) (L, Eb) (H, tb) (H, Eb) (L7 tb) (L, Eb)
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Equivalence
From a type space to a state space

o Ci={H,L}, T,={ta}, Tp = {tp, s}

(H, ta) ° ° ° ° ° ° ° ° (H,t)
(L, ta) ° ° ° ° ° ° ° ° (L, ta)
(H, tb) (H7 fb) (L7 tb) (L, Eb) (H, tb) (H, Eb) (L7 i’b) (L, Eb)
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Equivalence
From a type space to a state space

o C = {H, L}, T, = {ta}, Ty, = {tb, Eb}
o by(ta) = (2 @ (H, tp); 2 @ (H, E); 3 ® (L, b))

(H, ta) ° ° ° ° ° ° ° ° (H,t)
(L, ta) ° ° ° ° ° ° ° ° (L, ta)
(H, tb) (H7 fb) (L7 tb) (L, Eb) (H, tb) (H, Eb) (L7 i’b) (L, Eb)

Elias Tsakas (Maastricht University) Type space models vs. state space models



Equivalence
From a type space to a state space

o C = {H, L}, T, = {ta}, Ty, = {tb, Eb}
o by(ta) = (2 @ (H, tp); 2 @ (H, E); 3 ® (L, b))

(H, ta) 1/4  1/4 0 1/2 ° ° . . (H, ta)
(L, ta) 1/4 1/4 0 1/2 ° . . ) (L, ta)
(H, tb) (H7 fb) (L7 tb) (L, Eb) (H, tb) (H, Eb) (L7 i’b) (L, Eb)
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Equivalence
From a type space to a state space

o Ci={H,L}, T,={ta}, Tp = {tp, tp}
o by(ta) = (L ® (H,tp); 3 ® (H,1b); 3 @ (L, t))
° by(ty) = (3® (H,ta): 5 @ (L, 1))

bp(ts) = (3 @ (H, ta);: 3 © (L, ta))

(H,ta) 1/4  1/4 0 1/2 ° . . . (H, ta)
(L, ta) 1/4 1/4 0 1/2 ° . . ) (L, ta)
(H, tb) (H7 fb) (L7 tb) (L, Eb) (H, tb) (H, Eb) (L7 i’b) (L, Eb)
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Equivalence
From a type space to a state space

o Ci={H,L}, T,={ta}, Tp = {tp, tp}
o by(ta) = (L ® (H,tp); 3 ® (H,1b); 3 @ (L, t))
° by(ty) = (3® (H,ta): 5 @ (L, 1))

bp(ts) = (3 @ (H, ta);: 3 © (L, ta))

(H, ta) 1/4 1/4 0 1/2 1/3 1/4 1/3 1/4 (H7 ta)
(L, ta) 1/4 1/4 0 1/2 2/3 3/4 2/3 3/4 (L, ta)
(H, tb) (H7 fb) (L7 tb) (L, Eb) (H, tb) (H, Eb) (L7 i’b) (L, Eb)
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Equivalence
From a type space to a state space

Proposition
For each w € Q it is the case that

(wH(w), 2 (w), ...) = (T} (t:(w)), w2 (5:(w)), . )-
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Equivalence
From a type space to a state space

For each w € Q it is the case that
(7} (), 77 (W), - - - ) = (7} (ti(w)), 77 (ti(w)), - - - )-

I

The proof follows directly by construction of the posterior beliefs in
the state space model. O

<
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Equivalence
From a state space to a type space

We begin with a state space model:
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Equivalence
From a state space to a type space

We begin with a state space model:
e Fix a (finite) set T; with the same cardinality as P;. Then,

define a P;-measurable surjective function , such

that
fi(w) = fi(w') if and only if P;(w) = P;(w’).

Let £ 1(t;) == {w e Q: filw) = t;} € Pi.
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Equivalence
From a state space to a type space

We begin with a state space model:

e Fix a (finite) set T; with the same cardinality as P;. Then,

define a P;-measurable surjective function , such

that
fi(w) = fi(w') if and only if P;(w) = P;(w’).
Let £ 1(t;) == {w e Q: filw) = t;} € Pi.
@ Define bj : T; — A(C; x Tj) by

bi(ti)(, t) =i ({w' € Q: (g(W"), (') = (g, )} (1)
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Equivalence
From a state space to a type space

1/4 1/4H o 1/2 1/3 || 1/4 || 1/3 || 1/4
H H L L
1/4 1/4 o 1/2 2/3 [|3/4 || 2/3 || 3/4
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Equivalence

From a state space to a type space

ws
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Equivalence
From a state space to a type space

t2 ws  ws w7 ws ws || we || wr || ws
t; w1 w2 w3 wWa w1 w» w3 w4
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Equivalence
From a state space to a type space

£2 1/4 1/4H o 1)2 1/3 || 1/4 |[1/3 || 1/4
H || H L L
¢! 1/4 1/4 [ 0 1)2 2/3 || 3/4 ||2/3 || 3/4
th ty ty t
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Equivalence
From a state space to a type space

£2 1/4 1/444 0  1/2 1/3 || 1/4 || 1/3 || 1/4
H||H | L L
£ 1/4 1/41 0 1/)2 2/3 || 3/4 || 2/3 || 3/4
th ty ty t
o fr(w1) = fa(wz) = fows) = fo(ws) = t3
fa(ws) = fa(we) = fa(wr) = fo(ws) = 13
o by(t) = (5 ®(H,th); 3 ® (H, ) 3 ® (L, t}))
ba(13) = (3 @ (H,13); 7 @ (H,t2); 5 @ (L, t3))
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Equivalence
From a state space to a type space

Proposition
For each w € Q it is the case that

(mj (W), (), ...) = (m} (fi(w)), ? (fi(w)),. ..).
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Equivalence
From a state space to a type space

For each w € Q it is the case that

(mj (W), (), ...) = (m} (fi(w)), ? (fi(w)),. ..).

I

The proof follows directly by construction of the beliefs in the type
space model. O

<
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Questions???
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